Based on the homogeneity (F [n λm ] = λ p(m) F [n]) and invariance (F [n λm 0 ] = F [n]) properties of a functional of the electron density under uniform scaling of the coordinates in the density (n λm (r) = λ m n(λr), λ ∈ R + , m ∈ R), it is proven that homogeneity implies invariace and therefore all homogeneous scaling functionals have the representation
x j f ([n λm 0 ], r, r ) . The equation simplifies for cases where the functional density depends only on the density and/or its gradient, and general forms of the solutions are provided. In particular the non-interacting kinetic energy density is shown to take the form ts(n, ∇n) = n(r) 3 g ∂x 1 n(r) n(r) 2 , ∂x 2 n(r) n(r) 2 , ∂x 3 n(r) n(r) 2 under such conditions.
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I. INTRODUCTION
Density functional theory (DFT) [1] in its KohnSham (KS) [2] form continues to dominate the landscape of ab-initio simulations of atoms, molecules, solids and liquids; expanding applications in condensed-matter physics, chemistry, biology, materials science and device engineering.
However, the sucess of KSDFT comes also with serious drawnbacks due to the necessary use of approximated exchange-correlation functional (E xc ) [2] . Similarly, applications of the so-called orbital free methods [3] are also seriously limited by the approximations introduced to the KS kinetic-energy functional T s . A way to improve the approximations for both E xc and T s is by investigating their scaling properties.
Although the scaling properties of density functionals have been investigated by several groups [4] [5] [6] [7] [8] [9] [10] , important questions still remain to be answered. Namely, the global and local invariance of density functionals under homogeneous scaling of the coordinates in the electron density n(r), which are the subjects of this study.
We shall start by introducing the concept of global invariance of a density functional, describe how to find the scaling that leaves invariant a given functional and illustrate it with an example. Analogously, we will define local invariance of a density functional, investigate its consequences and find general formulas for special cases.
But before all that, we need to remember that in the context of KSDFT the total energy density functional E t [n] is defined as 
is the exchange-correlation energy density functional; and E ext [n] is the external energy density functional for a given external potential v ext (r), that is
II. GLOBAL SCALING INVARIANCE
A density functionals can be written in general as
where f ([n], r, r ) is an energy or functional density that goes to zero at the boundary of the volume V , which is taken as the whole space. We are interested on the general homogenous scaling of the coordinates in the electron density
A density functional F [n] is homogeneous of degree p(m) if under such density scaling the functional scales as [11]
and, it is globally invariant if for some value of the scaling exponent or degree m 0 we have p(m 0 ) = 0, and therefore
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A consequence of the homogeneity property is that the functional can be written in terms of its functional derivative as
while the global invariance condition yields
as shown by parametric derivation respect to λ of Eq. (6) and Eq. (7), respectively. Therefore, any p(m)-homogeneous and m 0 -invariant functional can be written just in terms of its functional derivative and the density as
Notice that p(m) is in fact the linear function p(m) = q * m + k with q and k also real numbers. Hence, if q is not zero, there is always a value m 0 = −k/q for which the a homogeneous scaling functional is left invariant. Therefore, every homogeneous scaling invariant functional under homogeneous scaling of the coordinates in the electron density, is also invariant of some degree. Consequently, all homogeneously scaling functionals have the form of Eq. (10).
A. Global scaling invariance of KS density functionals
The scaling properties of T s [n] under general homogeneous scaling were investigated in details in [10] , where it was also proven that T s [n] is global invariant under the scaling Eq. (5) for m 0 = 1.
For the Hartree potential we have
given that the integration volume V is all the space. Therefore p(m) = 5m − 2 and for m 0 = 5/2 we get
Similarly, it can be also proven that Table I . Homogeneous (p(m)) and invariance (m0) degrees of related KS density functionals.
III. LOCAL SCALING INVARIANCE
If F [n] is global invariant under a homogeneous scaling of the density, then the functional density scales as
or if f depends only once on the coordinates then
which means that for arbitrary integration limits it is true that 
In other words, the integral for finite and arbitrary integration limits must be invariant under the scaling, taking also into account the corresponding changes in the integration limits. This os the local scaling invariance condition, which as we will see, although simple, has far reaching consequences.
It follows that the parametric derivative of the righthand side of the local scaling invariance condition Eq. (15), respect to the scaling parameter λ, must be zero for all possible values of λ. Taking such a derivative using Leibniz's rule for the parametric derivative of an integral, [13] and taking into account that the integration limits are arbitrary, we get the following general equation involving the functional density f ([n], r, r ) and the density n(r)
This is a fundamental equation which the functional density of any functional of invariant degree m 0 must obey. It is impossible to proceed without further assumptions on the depencency of the functional density on the electron density, its derivatives and coordinates. One possibility is that the functional density f is explicitly dependendent only on the density and its gradient ∇n, that is
in that case we can write Eq. (16) as
which, by mean of the identities
is reduced to
where m 0 is the invariant degree or exponent of F [n], and the gradient operator ∇ only acts on the explicit dependence of f on the coordinates.
A quick check of this formula can be done for those explicit functionals of the density in Table I , and the known espressions of von Weizsäcker [14] and Thomas-Fermi (TF) [15, 16] for T s [n]; which have invariant exponents of 1 and 9/5 respectively. Although such invariant degree for TF is just apparent [17] .
For functional densities that do not depend explicitly on the coordinates the right hand side of Eq. (20) is further simplified to 3 f . Besides, if the functional density depends only on the density then we have the equation
with solution
while if the functional density depends only on the gradient of the density then the equation turns out to be
= 3f (∂n λm0 (r)), (23) with general solutions of the form f (∇n) = (∂ x1 n(r))
where g is a function only of the ratios of partial derivatives. Examples of functional densities that only depend on the electron density andt must obey Eq. (22) are: the number of electron density n(r) (in N e [n] = V n(r)d 3 r) with m 0 = 3; and the Thomas-Fermi kinetic energy density which is proportional to n(r) 5/3 with m 0 = 9/5 (see [17] ). In contrast, there are not functionals that depend only on the gradient of the electron density in DFT.
Another common situation is that the functional or energy densities depend only on the density and its gradient. The equation to solve for such cases is m 0 ∂f (n λm0 (r)) ∂n λm0 (r) n λm0 (r) + (m 0 + 1)
∂f (∂n λm0 (r)) ∂(∂ i n λm0 (r)) ∂ i n λm0 (r)
